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ABSTRACT

Fourier partial sums may converge slowly or exhibit oscillatory behaviour for
functions with limited smoothness, which makes summability methods
important in quantitative approximation. This study derives an error estimate
for 2m-periodic functions in a generalised Zygmund class when their Fourier
series is processed by the Taylor—Cesaro (Tn, C2) product mean. The analysis
formulates the associated product kernel, establishes separate bounds for small
and large arguments, and applies the generalised Minkowski inequality
together with the monotonicity of t"a w(t). The resulting estimate extends the
Cesaro-based theorem of Kim by replacing a single averaging operator with a
regular product procedure that permits Taylor weighting and second-order
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Cesaro smoothing. The asymptotic order is not claimed to be strictly faster in
every case; the main gain is a broader summability framework and greater
flexibility in damping oscillatory partial sums. For o(t) = t"m (m > 1), explicit
bounded, logarithmic, and algebraic rates follow according to the value of a +
m. The result clarifies the operator-theoretic role of product summability in
Fourier approximation and supports extensions to weighted, deferred, and

multidimensional settings.

1. INTRODUCTION

Quantifying how well trigonometric polynomials reproduce a periodic function is a central problem in
Fourier approximation. Classical studies relate the approximation error to smoothness conditions such as
Lipschitz and Zygmund regularity, while summability procedures replace unstable partial sums by
averaged transforms that are better suited to convergence analysis [1-3].

Generalised Zygmund classes provide a flexible description of second-order smoothness through a
modulus function and an L"r metric. They therefore accommodate a wider range of local behaviour than a
single Holder exponent. Matrix, Hausdorff, Euler, and related operators have been used to obtain
approximation estimates in these spaces [4-5].

Recent work has increasingly examined product and deferred summability schemes because a second
averaging stage can offer additional control over oscillatory Fourier partial sums. Representative
developments include Euler—Hausdorff, deferred Euler—Norlund, delayed-mean, and related product
operators [2, 4, 6,7]. These studies motivate a careful assessment of what is genuinely gained by replacing
a classical Cesaro mean with a product construction.

Beyond classical analysis, summability and approximation techniques underpin the signal-processing
pipelines on which modern algorithmic and data-driven systems rely; the responsible governance of such
systems and their implications for the future of work have accordingly become pressing interdisciplinary
concerns [8].
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Kim [6] established a Cesaro estimate for functions in a generalised Zygmund class. Taylor—Cesaro
product methods have also been considered for Lipschitz-type classes, but the corresponding generalized-
Zygmund estimate and its relation to Kim’s bound require a unified presentation [9-11]. The objective of
this paper is therefore to derive the degree of approximation produced by the Taylor—Cesaro. (T, C,)
product mean, state the assumptions precisely, and distinguish broader operator generality from any claim
of a universally faster asymptotic rate [12-14].

2. PRELIMINARIES AND NOTATION

2.1 Fourier series and approximation error

Let f be a 2m-periodic function that is Lebesgue integrable on (—m, 7). Its Fourier series is written as

f(t) ~ %ao + Yo (aycosnt + b, sinnt) @)
With partial sum S, (x) .

The degree of approximation E,,(f)of a function f: R = R by a trigonometric polynomial t, of
degree n is defined by

En(f) = Ity — fll, = sup{lta(x) — f(x)|: x € R} [21] 2

A function f € Lipa if |[f(x +t) — f(x)| = 0(|t|*), forO<a < 1.

Let Y:o—o U, be the infinite series whose nth partial sum is given by S,, = Y7o Uy .

2.2 Cesaro and Taylor—Cesaro summability

Cesaro means (C, 1) of sequence {S,,} is given by g, = ﬁZ}::o Sy . If o, = S, asn — oo then sequence
{S,} or the infinite series Yo Uy is said to be summable by Cesaro means (C, 1) to S. It is denoted by

on = S((C,1)),as n - oo,

Let ) u,, be a given infinite series with sequence of its nth partial sum {S,}. The (C, 2) transform is
defined as the nth partial sum of (C, 2) summability and is given by

—__ 2 yn _
On = mrDme2) reom—k+1)S, > Sasn—-o00  (3)

Then the infinite series Yp— o U, is summable to the definite numbers by (C, 2) method.

A given sequence {S,} is said to be Taylor summable, if (T;,) = X}i_oUnx Sk = S asn — oo, then the
(C, 2) transform of Taylor means defines the (T;,, C,) transform of the partial sum {S, } of the series (2.1).

Thus, if (T, C2) = Xk=oUnn—k» On-k = S asn — oo

then Yo, u, is said to be Ty, C, summable to S.

REMARK: - We shall use the following notations:
() e =fx+8) = flx—1) =2f(%)

.. _ 1 ¢n Unn-k sin’(n—k+2)t/2
(i) D(n,t) = 2 Ak=0 k1) sint/2

2.3 Generalised Zygmund class and product kernel

Let L, norm of a function fis defined

1 21 %
R T
Ifl, = (27‘[J0 Feol d") 1<r<o
ess sup |f(x)|, r=o0
0<x=2m

The Zygmund modulus of continuity of f is defined by
w(f,h) = . S}}lple(x +6)+ fx -1
<h,xe

Let C,,; be the Banach space of all 2r — periodic functions (continuous) defined on [0,27] under the
supremum norm. For 0 < a < 1, the Zygmund class Z,,,,(, r) is defined as
Zyp(a,r) ={f € Cor:|[f(x + ) + f(x — ) = 2f ()| = O(Jt])}
is also a Banach space with the normll. [l ), given by
lf(x+0)+ fx -1

Ifllgy = sup |G|+ sup

0=sx=<2m x,t#0 |t|a

For f € L,[0,2w],r = 1, the integral Zygmund modulus of continuity is given by
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wr(fh) = N {% foznlf(x tO+ fx - t)lrdx}; (4)

For f € C,,; and r = oo.
We introduce a generalised Zygmund class.
Zuwo (@) = {f € Cont [f (x + ) + f(x — ) — 2f ()] = 0(t| D (]¢])))
Where @« > 0, r = 1 and w is a continuous, nonnegative and nondecreasing function. If we take a = 1,
w = constant and r — oo, then Z,,,,» (&, r) class reduces to the Z,,,,(a, 7).

3. CESARO REFERENCE RESULT

Kim [6] examined approximation in a generalised Zygmund class by first-order Cesaro means. In the
notation used here, the reference result may be stated as follows.

Theorem 1 (Kim [6]). Let f be a continuous 2x-periodic function in the relevant generalised Zygmund
class. Then its first-order Cesaro means satisfy.

Let f be a 2m periodic continuous function belonging to the Generalised Zygmund class Z,, 4o (@, ).

Then the degree of approximation of f by Cesaro means of its Fourier series is given by
o o 1 1n\% 1
I =1, =0 (2 () 0 () )

4. MAIN RESULT AND ANALYTICAL COMPARISON

The Taylor—Cesaro construction replaces a single averaging stage by a regular Taylor transform of second-
order Cesaro means. Under the coefficient conditions stated in Section 2.2, the following result extends the
Cesaro estimate to this product operator.

Theorem 2. Let f be a continuous 2rn-periodic function belonging to the generalised Zygmund class
defined in Section 2.3. Then the degree of approximation generated by the Taylor—Cesaro product mean
satisfies

I, (0 — £, = O (;1 () o G)) (6)

4.1 Comparison with the classical Cesaro estimate

Theorem 2 has the same displayed asymptotic order as the benchmark in Theorem 1 under the stated
modulus assumptions. Consequently, the present result should not be interpreted as proving a strictly
smaller error for every admissible function. Its contribution is operator-theoretic to the Taylor weights and
the second-order Cesaro stage create a broader regular averaging framework in which the classical type of
estimate remains valid.

Table 1. Analytical comparison of the Cesaro and Taylor—Cesaro constructions.

Aspect Cesaro (C,1) Taylor—Cesaro (Tn, C2) Interpretation

Averagin Arithmetic Taylor matrix applied to Two-stage weighted
g mechanism | averaging of partial second-order Cesaro means smoothing

sums

Operator Fixed classical Family determined by Broader choice of
flexibility mean admissible Taylor coefficients regular weights

Error n+1 o n+1 o Same asymptotic
order proved | 1 z (}) w ( 0 1 Z (1) ® (1) class under the theorem
here. n+1 ~ j n+1 ~ J j assumptions

Principal Benchmark Generalised product Greater smoothing
gain convergence estimate | representation flexibility, not a

universal strict rate gain

The comparison also clarifies the scope of the claim [15-17]. The product operator may damp selected
oscillatory components more flexibly because its weights can be adjusted within the admissible Taylor
matrix, but a strict pointwise or numerical superiority would require additional assumptions and a separate
computational study [18-21]. No such empirical comparison is asserted in this theoretical paper[22-25].
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5. AUXILIARY LEMMAS AND PROOF

Lemma5.1: For 0<t< ﬁ; D(n,t) =0(n + 2).
Proof: We have

n
Uy Sin?(n—k+2)t/2
|D(n,t)|= _ nn—k ( : )/
2 — n—k+2) sin?t/2
- 1| uppx (—k+2)%t%/n?
“2n|(n—k+2) t?/m?
n
=0(n+2) Z Upn—k
k=0
=0(n+2)
1 1
Lemma 5.2: For ) <t<mDMnt)=0 ((n+2)t2
Proof: We Have
Uy Sin?(n—k+2)t/2
|D(n,t)|= - nn—k ( : )/
2 i n—k+2) sin?t/2
Using Jordan’s lemma sing > %and sinkt < 1; we have

< 1 un,n_k 1
“2ml(n—k+2)t?/mn?
n

=0¢( ) Z Unn—k

k=0

n+2

~ %G

PROOF OF THE MAIN THEOREM -
The (C, 1) transform i.e. o, of S, is given by

0u) ~ ) = 5= fo "oty D(n, )t
Where a(t) = f(x +t) — f(x —t) — 2f (x).
- %fo o(t) D(n, )dt

Now, by the generalised Minkowski inequality for integrals Zygmund [21], we obtain
1

low () = FCOIl, = ( f |0 (f; ) —f(x)lrdx)r

1
_ %(fﬂ fnlz(x, OD(n, O)dt|" dx)r
- Y0
1

1 T s T
SE . (_[_J@(x,t)D(n,t)lrdx) dt

1
1 b4 T T
=ﬂfo (f_nm(x,t)l dx) |D(n,t)|dt

= %LEO(t"‘w(t))ID(n, t)|dt

1 .
_ fn+1t“a)(t)|D(n,t)|dt +0<f1 t“w(t)lD(n,t)Idt)
0 n+l
=1 +1,,say

By using Lemma-I, we have
1

n+1
I = f t*w(t)D(n,t)dt
0
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1
n+1

IL,=0 f t*w(®)(n+ 1dt
0

Since t*w(t) is a non—negative and increasing function, and applying the mean value theorem, we
obtain

h=0(() oy [T+ ae
e n+1 w(n+1)f0 (n+1)

=0((33) o)

Again, using a non-negative, increasing function. t*w(t), we get

1\ 1 1 &1 1
< _ _
(n+1> w(n+1)_n+1Z(j> “’(j)’
=1
ol 2 "“(1“ (1
1= n+1Z j) @ j)
j=1

Again, by using Lemma-II, we obtain
T
I, = fl £ ()D(n, )d t

n+1

T . 1
IL,=0 fl t w(t)mdt

n+1

1 T
=0 n+1<th“ 2w(t)dt>

n+1

Now the last identity will be

Putting t = i in the last integral, we obtain

1 n+1 1
L=0(—=| »y*o(5)d
2 n+1j1 yre(7)dy

Vs
Since t*w(t) is an increasing function, therefore (i)a ) G}) is now a decreasing function.
Hence we have
1 1 1 1 © /e 1
(i realp)ar) =0 (gmrom) vt 2 () o)
It follows from the cgntinuity of t*w(t) that we can choose a positive c01]1;t1ant ¢ such that

c(1%w(1)) = 7% w(r)
By virtue of the non-negative property of t*w(t) and the last inequality,

0 (ﬁ n"‘a)(T[)) +Lyna G)a © G) =o<ﬁ o (})“ ® (})) + =yl (})

n+1 a n+1 a
c+1 1 1 1 1 1
=0 - w\|— =0 - w |-
n+ 1< j j n+ 14 j j
j=1 j=1

Therefore, combining I; and I,, we obtain

"o (j)

n+1 n+1

ltn(x) = FCOI, = 0 ﬁl;(})we) +0 ni1}ZG)“’G)
o) () ”

Complete the proof.
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The following corollary is obtained from the main theorem:

6. COROLLARY
Taking w(t) = t™ in Theorem 2, we obtain

len () = FOO, = 0 (S5 T =@ w(e) = ¢™ ®)
Let
p=a+m.
Using the well-known asymptotic behaviour of the partial p-series, we obtain the following cases.

Corollary 1. If ¢ + m > 1, then
n+1

zj—(a+m) — 0(1)
j=1

and therefore

60 (0) = FCOI, = 0 (== )+ m > 1
Corollary 2. If ¢ + m = 1, then
n+1 1
2 - =0(log(n+ 1)),
e |
j=1
and hence
It L =0 (log(n + 1)) =1
n() = fOl,. = 1) etm=
Corollary 3. If 0 < a + m < 1, then
n+1
Zj—(aﬂn) — 0(7’1 + 1)1—(a+m)’

j=1
which implies

ltn(x) = fFOOll,. = 0(n+ D@ o<a+m<1.
These three cases characterise the three asymptotic regimes of the Taylor—Cesaro approximation estimate:
the bounded regime. (a« +m > 1), the critical logarithmic regime (@ + m = 1), and the algebraic
decay regime (0 < o + m < 1) [26,27].

7. CONCLUSION

In this paper, we have established a new result on the degree of approximation of functions belonging to

the generalised Zygmund class. Z,,w(a,7) by using the Taylor—Cesaro (T, C,) product summability

method of their Fourier series. The obtained theorem extends the existing result of Jaeman Kim by

replacing the classical Cesaro summability method with the more general Taylor—Cesaro product
n+1 <=1\

@ 1
D)
which provides an improved and generalized estimate for functions in the generalized Zygmund class. As a
special case, by taking w(t) = t™(m > 1), the approximation order reduces to O (ﬁ) dfa+m=1the
log(n+ 1))

n+1

summability method. We proved that the degree of approximation is of the order O <L ntl (1)

approximation ordcharacteriseo O ( and If 0 < @« + m < 1, then approximation order reduces to

O(n+ 1)~(@+™)_ These three cases characterize the three asymptotic regimes of the Taylor—Cesaro
approximation estimate: the bounded regime (@ + m > 1), the critical logarithmic regime (¢ + m =
1), and the algebraic decay regime (0 < a + m < 1).

These results demonstrate the effectiveness of the Taylor—Cesaro product summability method in
approximation theory and contribute to the study of Fourier series approximation in generalized
smoothness spaces. The present work also opens the possibility of extending these techniques to other
function spaces and more general product summability methods in future research. Such quantitative tools
also support the design of intelligent systems that monitor and manage data-driven environments, where
reliable approximation of streaming signals is essential.
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   (   T  n ,   C 2 )


  f


  2 𝜋


  ( − 𝜋 ,   𝜋 )


  f ( t ) ∼  1 2   a 0 +   ∑  n = 1 ∞   (   a  n cos n t +   b  n sin n t )


    S  n ( x )


    E  n ( f )


  f   :   R → R


    t  n


    E  n ( f ) =    ∥   t  n − f ∥ ∞ = sup  {  |   t  n ( x ) − f ( x ) | : x ∈ R }


  f ∈ L i p 𝛼


   | f ( x + t ) − f ( x ) | = O ( | t  |  𝛼 )


    𝛼   ≤ 1 .


    ∑  n = 0 ∞    u  n


    S  n =   ∑  k = 0 ∞    u  k   .


  ( C , 1 )


  {   S  n }


    𝜎  n =  1  n + 1   ∑  k = 0  n    S  k   .


    𝜎  n → S


  n → ∞


  {   S  n }


    ∑  n = 0 ∞    u  n


  ( C , 1 )


    𝜎  n → S  ( ( C , 1 ) )


    n → ∞


    ∑ ​ ​    u  n


   {   S  n }


  ( C , 2 )


  ( C , 2 )
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  n → ∞


    ∑  n = 0 ∞    u  n


  ( C , 2 )


   {   S  n }


   (   T  n ) =   ∑  k = 0  n    u  n , k     S  k → S


  n → ∞


  ( C , 2 )


   (   T  n ,   C 2 )


   {   S  n }


   (   T  n ,   C 2 ) =   ∑  k = 0  n    u  n , n − k ,   𝜎  n − k → S


  n → ∞


    ∑  n = 0 ∞    u  n


    T  n ,   C 2


  ⌀ ( t ) = f ( x + t ) − f ( x − t ) − 2 f ( x )


  D ( n , t ) =  1  2 𝜋   ∑  k = 0  n      u  n , n − k  ( n − k + 2 )    sin 2 ( n − k + 2 ) t / 2   sin 2 t / 2


    L  r


     ∥ f ∥  r =  {       (  1  2 𝜋   ∫ 0  2 𝜋     | f ( x ) |  r d x )   1  r   e s s    sup  0 < x ≤ 2 𝜋  | f ( x ) | ,   r = ∞       , 1 ≤ r < ∞


  f


  𝜔 ( f , h ) =  sup  0 ≤ h , x ∈ R  | f ( x + t ) +   f ( x − t ) |


    C  2 𝜋


  2 𝜋


    [ 0 , 2 𝜋 ]  


  0 < 𝛼 ≤ 1


    Z  u v ( 𝛼 , r )


    Z  u v ( 𝛼 , r ) =  { f ∈   C  2 𝜋 :  | f ( x + t ) +   f ( x − t ) − 2 f ( x ) | = O ( | t | ) ) }


     ∥ . ∥  ( 𝛼 ) ,


     ∥ f ∥  ( 𝛼 ) =  sup  0 ≤ x ≤ 2 𝜋  | f ( x ) | +  sup  x , t ≠ 0    | f ( x + t ) +   f ( x − t ) |  | t  |  𝛼


    f ∈ L  r [ 0 , 2 𝜋 ] , r ≥ 1 ,


    w  r ( f , h ) =  sup  0 < t ≤ h    {  1  2 𝜋   ∫ 0  2 𝜋     | f ( x + t ) +   f ( x − t ) |  r d x }   1  r


  f ∈   C  2 𝜋


  r = ∞ .


    Z    u v  𝜔 ( 𝛼 , r ) =  { f ∈   C  2 𝜋 :  | f ( x + t ) +   f ( x − t ) − 2 f ( x ) | = O  ( | t  |  𝛼 ) 𝜔 ( | t | ) ) }


  𝛼 ≥ 0 ,   r ≥ 1


  w


  𝛼 = 1 ,


  𝜔 =


  r → ∞


    Z    u v  𝜔 ( 𝛼 , r )


    Z  u v ( 𝛼 , r )


  f


  2 𝜋


    Z    y g  𝜔 ( 𝛼 , 𝛾 ) .


  f


     ∥   𝜎  n − f ∥  𝛾 = O  (  1  n + 1   ∑  k = 1  n + 1     (  1  k )  𝛼 𝜔  (  1  k ) )            


  f  


     ∥   𝐭  𝐧  ( 𝐱 ) − 𝐟  ( 𝐱 ) ∥  𝐫 = 𝐎  (   𝟏  𝐧 + 𝟏   ∑  𝐣 = 𝟏  𝐧 + 𝟏     (   𝟏  𝐣 )  𝛂 𝛚  (   𝟏  𝐣 ) )


  O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


  O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


                O ≤ t ≤  1  n + 2 ;   D ( n , t ) = O ( n + 2 ) .


   | D ( n , t ) | =  |  1  2 𝜋   ∑  k = 0  n      u  n , n − k  ( n − k + 2 )    sin 2 ( n − k + 2 ) t / 2   sin 2 t / 2 |


  ≤  1  2 𝜋  |     u  n , n − k  ( n − k + 2 )   ( n − k + 2  ) 2   t 2 /   𝜋 2    t 2 /   𝜋 2 |


  ≤  1  2 𝜋  |     u  n , n − k  ( n − k + 2 )   ( n − k + 2  ) 2   t 2 /   𝜋 2    t 2 /   𝜋 2 |


  = O ( n + 2 )  |   ∑  k = 0  n    u  n , n − k |


  = O ( n + 2 )  |   ∑  k = 0  n    u  n , n − k |


  = O ( n + 2 )


  = O ( n + 2 )


   1  ( n + 2 ) ≤ t ≤ 𝜋 ; D ( n , t ) = O  (  1  ( n + 2 )   t 2 )


   | D ( n , t ) | =  |  1  2 𝜋   ∑  k = 0  n      u  n , n − k  ( n − k + 2 )    sin 2 ( n − k + 2 ) t / 2   sin 2 t / 2 |


  sin   t 2 ≥   t  𝜋


    s i n k t ≤ 1 ;


  ≤  1  2 𝜋  |     u  n , n − k  ( n − k + 2 )  1    t 2 /   𝜋 2 |


                                                  = O (  1  n + 2 )  |   ∑  k = 0  n    u  n , n − k |


                                                  = O (  1  n + 2 )  |   ∑  k = 0  n    u  n , n − k |


                                                  = O (  1  ( n + 2 )   t 2 )


                                                  = O (  1  ( n + 2 )   t 2 )


  ( C , 1 )  


    𝜎  n


    S  n  


    𝜎  n ( x ) − f ( x ) =  1  2 𝜋   ∫ 0  𝜋  ⌀ ( t ) D ( n , t ) d t


  ⌀ ( t ) = f ( x + t ) − f ( x − t ) − 2 f ( x )


  =  1  2 𝜋   ∫ 0  𝜋  ⌀ ( t ) D ( n , t ) d t


     ∥   𝜎  n ( x ) − f ( x ) ∥  r =    (   ∫  − 𝜋  𝜋     |   𝜎  n ( f ; x ) − f ( x ) |  r d x )   1  r


    =  1  2 𝜋  (   ∫  − 𝜋  𝜋    ∫ 0  𝜋     | ⌀ ( x , t ) D ( n , t ) d t |  r d x )   1  r


    =  1  2 𝜋  (   ∫  − 𝜋  𝜋    ∫ 0  𝜋     | ⌀ ( x , t ) D ( n , t ) d t |  r d x )   1  r


  ≤  1  2 𝜋   ∫ 0  𝜋     (   ∫  − 𝜋  𝜋     | ⌀ ( x , t ) D ( n , t ) |  r d x )   1  r d t


  ≤  1  2 𝜋   ∫ 0  𝜋     (   ∫  − 𝜋  𝜋     | ⌀ ( x , t ) D ( n , t ) |  r d x )   1  r d t


  =  1  2 𝜋   ∫ 0  𝜋     (   ∫  − 𝜋  𝜋     | ⌀ ( x , t ) |  r d x )   1  r  | D ( n , t ) | d t


  =  1  2 𝜋   ∫ 0  𝜋     (   ∫  − 𝜋  𝜋     | ⌀ ( x , t ) |  r d x )   1  r  | D ( n , t ) | d t


  =  1  2 𝜋   ∫ 0  𝜋  O  (   t  𝛼 𝜔 ( t ) )  | D ( n , t ) | d t


  =  1  2 𝜋   ∫ 0  𝜋  O  (   t  𝛼 𝜔 ( t ) )  | D ( n , t ) | d t


  = O  (   ∫ 0   1  n + 1    t  𝛼 𝜔 ( t )  | D ( n , t ) | d t ) + O  (   ∫   1  n + 1  𝜋    t  𝛼 𝜔 ( t )  | D ( n , t ) | d t )


  = O  (   ∫ 0   1  n + 1    t  𝛼 𝜔 ( t )  | D ( n , t ) | d t ) + O  (   ∫   1  n + 1  𝜋    t  𝛼 𝜔 ( t )  | D ( n , t ) | d t )


                                                                                                =   I 1 +   I  2  


    I 1 =   ∫ 0   1  n + 1    t  𝛼 𝜔 ( t ) D ( n , t ) d t


    I 1 = O  (   ∫ 0   1  n + 1    t  𝛼 𝜔 ( t ) ( n + 1 ) d t )


    t  𝛼 𝜔 ( t


    I 1 = O  (    (  1  n + 1 )  𝛼 𝜔 (  1  n + 1 )   ∫ 0   1  n + 1  ( n + 1 ) d t )


  = O  (    (  1  n + 1 )  𝛼 𝜔 (  1  n + 1 ) )


  = O  (    (  1  n + 1 )  𝛼 𝜔 (  1  n + 1 ) )


    t  𝛼 𝜔 ( t )


     (  1  n + 1 )  𝛼 𝜔 (  1  n + 1 ) ≤  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) ,


    I 1 = O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


    I 2 =   ∫   1  n + 1  𝜋    t  𝛼 𝜔 ( t ) D ( n , t ) d t


    I 2 = O  (   ∫   1  n + 1  𝜋    t  𝛼 𝜔 ( t )  1    t 2 ( n + 1 ) d t )


    I 2 = O  (   ∫   1  n + 1  𝜋    t  𝛼 𝜔 ( t )  1    t 2 ( n + 1 ) d t )


  = O  (  1  n + 1  (   ∫   1  n + 1  𝜋    t  𝛼 − 2 𝜔 ( t ) d t ) )


  = O  (  1  n + 1  (   ∫   1  n + 1  𝜋    t  𝛼 − 2 𝜔 ( t ) d t ) )


  t =  1  y


    I 2 =   O  (  1  n + 1   ∫   1  𝜋  n + 1    y  − 𝛼 𝜔  (  1  y ) d y )


    t  𝛼 𝜔 ( t )


     (  1  y )  𝛼 𝜔  (  1  y )


  O  (  1  n + 1   ∫   1  𝜋  n + 1    y  − 𝛼 𝜔  (  1  y ) d y ) = O  (  1  n + 1   𝜋  𝛼 𝜔 ( 𝜋 ) ) +  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j )


    t  𝛼 𝜔 ( t )


  c  (  1  𝛼 𝜔 ( 1 ) ) ≥   𝜋  𝛼   𝜔 ( 𝜋 )


    t  𝛼 𝜔 ( t )


  O  (  1  n + 1   𝜋  𝛼 𝜔 ( 𝜋 ) ) +  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) =


   (  1  n + 1 c (   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) ) +  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j )


  = O  (   c + 1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) ) = O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


    I 1


    I 2


     ∥   t  n ( x ) − f ( x ) ∥  r = O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) ) + O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


  = O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


  𝜔 ( t ) =   t  m


     ∥   t  n ( x ) − f ( x ) ∥  r = O  (  1  n + 1   ∑  j = 1  n + 1    j  − ( 𝛼 + m ) ) , 𝜔 ( t ) =   t  m


  p = 𝛼 + m


  𝛼 + m > 1 ,  


    ∑  j = 1  n + 1    j  − ( 𝛼 + m ) = O ( 1 )


     ∥   t  n ( x ) − f ( x ) ∥  r = O  (  1  n + 1 ) , 𝛼 + m > 1 .


  𝛼 + m = 1 ,  


    ∑  j = 1  n + 1   1  j = O  ( l o g ( n + 1 ) ) ,


     ∥   t  n ( x ) − f ( x ) ∥  r = O  (   l o g ( n + 1 )  n + 1 ) , 𝛼 + m = 1


  0 < 𝛼 + m < 1 ,  


    ∑  j = 1  n + 1    j  − ( 𝛼 + m ) =   O ( n + 1 )  1 − ( 𝛼 + m ) ,


     ∥   t  n ( x ) − f ( x ) ∥  r = O   ( n + 1 )  − ( 𝛼 + m ) ,     0 < 𝛼 + m < 1 .


  ( 𝛼 + m > 1 )


    ( 𝛼 + m = 1 ) ,


  ( 0 < 𝛼 + m < 1


    Z    u v  w ( 𝛼 , r )


   (   T  n ,   C 2 )


    O  (  1  n + 1   ∑  j = 1  n + 1     (  1  j )  𝛼 𝜔  (  1  j ) )


  w ( t ) =   t  m ( m > 1 )


  O  (  1  n + 1 )


  𝛼 + m = 1


  O  (   l o g ( n + 1 )  n + 1 )


  0 < 𝛼 + m < 1 ,  


  O   ( n + 1 )  − ( 𝛼 + m ) .


  ( 𝛼 + m > 1 )


    ( 𝛼 + m = 1 ) ,


  ( 0 < 𝛼 + m < 1


    Z  y   g  w   ( 𝛼 , 𝛾 )


  L i p ( 𝛼 , r )


  r ≥ 1


  ( N , P n ) ( E , 1 )


  ( E , 1 )   (   N ¯ ,   P n   )


    C  ​ ^ 𝜂 T


  ( E , 1 )   ( N , P n )


  Z 𝜔 ( 𝛼 , 𝛾 )


  ( E , s ) (   N ¯ ,   q  n )


  ( E , q ) (   N ¯ ,   P  n )



